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Abstract. A presence of a Meissner-Ochsenfeld effect in a gas of spin 1/2 fermions with an interaction
Vi=—|A"" Y grawbich” wbiwb_ i, where |A] is a volume of a region A in real space which is taken by the
kl

k, . « P . . . . C .
system and bk = ax+ax— with axs, ay,/ satisfying Fermi anticommutation relations, is investigated. The
effect proves to be weaker than in BCS by a factor 3/4 at T' = 0, implying a greater penetration depth A
of external magnetic field. V4 is nonzero only within a thin layer of 1-fermion energies around the chemical

potential .

PACS. 74.20.-z Theories and models of superconducting state — 74.20.Fg BCS theory and its development

1 Introduction

A proposal to extend the Bardeen-Cooper-Schrieffer the-
ory of superconductivity by incorporating into the BCS
Hamiltonian Hgcg a 4-fermion BCS-type attraction be-
tween Cooper pairs

Vi=—|A"! Z Irx Dpb” 1 by by,
KK/

(1.1)

where

bk = akrax—, g = gx(k)x(k'), g¢>0,

(with x(k) denoting the characteristic function of the set
{k:p—086<ex <pu+d}fore = h;—:; and fixed 9) and
potential of Spalek, Wéjcik [2,3]

W= Z’}/knkJrnkfa
k

where

*
Nko = Ay 0ko oc==

was made in 1996 [1] by Mackowiak and the author. Spatek
and Wéjcik introduced interaction W in order to obtain
so called statistical spin liquid in which v, = U > 0 and
U — oco. In the case of statistical spin liquid interaction W
leads to the exclusion of double occupied configurations
with the same k in reciprocal space.

In [4,5] Czerwonko suggested to complete BCS Hamil-
tonian with interaction W in which U — oo, getting a

a
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particular case of statistical spin liquid. In the model pre-
sented here 7, can in general be assumed to be an ar-
bitrary real function of k but so far we have restricted
ourselves to the case in which the interaction W itself is
nonzero only within a thin layer around the chemical po-
tential by using v = yx (k). Moreover, v was assumed
to be negative or zero as it is in this paper. The func-
tion x (k) allows us to impose the restriction on a range of
the interactions in the reciprocal space.

Appearance of the interaction V4 in the Hamiltonian
of Czerwonko can be justified by some suggestions and
discoveries. Namely, in 1993 Schneider and Keller [6]
measured the different features of some cuprates and
Chevrel-phases superconductors, especially concentrating
on a relation between the critical temperature and zero
temperature condensate density. They noticed that the
experimental data for e.g. YBayCu3Og 602 point to the
behaviour of a dilute Bose gas. As a result they suggested
Bose condensation of weakly interacting fermion pairs as a
mechanism of transition from normal to superconducting
state. Moreover, one needs to mention a recent discovery
of Bunkov et al. [7] which points to presence of fermion
quadruples in 3He. Their work was devoted to the prob-
lem of influence of spatial disorder on the order param-
eter in superfluid He. The authors quoting Volovik [8]
suggested that unusual spectra of 3He in aerogel could
be explained by process in which impurities tend to de-
stroy the anisotropic correlations of the order parameter,
while correlations of higher symmetry can survive (e.g.
four-particle correlations). It is worth pointing to another
recent paper of Schneider at al. [9] in which a discovery of
half-h/2e magnetic flux in SQUIDs fabricated of bicrys-
talline YBaoCuzO7_s films is reported. As it is known this
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situation corresponds to a presence of fermion quadruples
in the system and leads to taking the interplay between
Cooper pairs and quadruples into consideration. In model
presented here at sufficiently low temperatures uncorre-
lated pairs (as a result of potential W with v < 0), Cooper
pairs and fermion quadruples are present in the system.
The interaction Vj can be seen as either an attraction be-
tween Cooper pairs or fermion pairs caused by W. Such
interaction can be mediated by different hypothetic boson
fields, e.g. phonons. A microscopic derivation as well as a
nature of this interaction is under investigation at present.

In subsequent papers [10-14] some aspects of ther-
modynamics of the Hamiltonian Hgcs + V4 + W were
studied. In particular, it was demonstrated in [12] that
Hpcs + Vi + W is a mean-field Hamiltonian which al-
lows exact solution and that the resulting thermodynamics
bears some similarities to the thermal behaviour of high-
temperature superconductors (HTSC), e.g. the presence
of a pseudogap in the excitation spectrum and two order
parameters. The existence of two order parameters agrees
with the proposal given by Miiller in [15] in order to ex-
plain experimental data on the symmetry of the order pa-
rameter in HT'SC. The thermodynamics of Hgos+Vyi+W
with vanishing BCS-interaction

—|At E Gy g 0" _a_x—_ax 4 =0,
Kk’

VBes =

where Gy has the same form as gxx/, was studied
in [13,14]. Analogies with HTSC behaviour were also
found, e.g. weak character of transition to superconduct-
ing state which can be 1st or 2nd order, convexity of the
critical field in the vicinity of T, linearity of specific heat
in a wide range temperatures below 7.

The present paper deals with the question of a
Meissner-Ochsenfeld (MO) effect in the Fermi gas with
the 4-fermion interaction Vj:

Hy = ngaltgaka + Vi,
ko

where &, = € — p and p is chemical potential. In this
case the excitation spectrum differs from the BCS one,
although one can find operators « such that

a|G>k = 0;

where | G)x is the ground state vector for momentum k. Its
form is presented in Appendix A as the vector number 15.
Using new notation ax; = ak4, k2 = Gk—, Ak3 = G_k+,
axq4 = a_k_ operators o can be written in the following
form

* * *
k1 = UkQk1 — ’Uka/k2a/k3a/k47

* * *
QK2 = UkAK2 T VO304 0y

* * *
k3 — UkAk3 — Ukaklak2ak47

* * *
Qx4 = UkQk4 + VkQpq Qyolys,

where ug = (1+§’“k), vi=1(1- 5’“) Ex = /& + A?

and A is the order parameter Wthh is deﬁned in Section 2.
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These operators fulfil the following anticommutation rules

{aki;ak/j} = OkiQKk’j -+ Qx/jQki = 0 for i,j = 1,2,3,4

* 2 ok . .
{aki, oy} = veagan [ 1 - E n for i#£j
I#i,j
* 2
{awsaf} =140k | Y mgma— g
i <l#i J#i

where ny; = a;,;0x;. Thus the excitations represented by
the operators «j, are neither fermions nor bosons. The
normalized k-excited states are therefore represented by
the vectors

| Exi ) := ag;| G )i = ag;|0) (1.2)

| Exij ) := Uﬂlal*cialtﬂG)k = al*cial*cjlo> (1.3)

| Exiji ) = uk2akzak3akl|G>k = akzakgaklm) (1.4)

| Ex1234) = U1:204k104k204k304k4|G>k = (ukbybZy — ’ng|0>

Using eigenstructure from Table 1 in Appendix A one
can calculate the excitation energies from the ground

state |G )x. They are equal
(Bxi|H|Exi) — Eg = 2Ex — & (1.6)
(Byij | H| Buij) — Eg = 2Ei (1.7)
(EBxiji |H| Exiji) — Eg = 2Ex + & (1.8)
(Exi1234 |H| Ex1234) — Eq = 4Fx. (1.9)

It follows that, unlike in BCS theory, these energies are
not simply additive when counted in the k-space spanned
by |Gk ) = (uk + vkbgdb* )| 0) and the vectors (1.2)—(1.5).

Keeping in mind above facts and using Schafroth’s cri-
terion for the MO effect [16,17] it is shown that the effect
is present in the system H,4, but is weaker than in the BCS
model by a factor 3/4 at T = 0.

2 Interaction with external electromagnetic
field

The considerations of this section are founded on the
method presented in the book by Rickayzen [17]. We shall
focus our interest on the Hamiltonian H asymptotically
equivalent to Hy [12], viz.,

H= Z <§k Z Nko + N—ko) — 24k (B + Blt))

k>0

+C =) He+C,

k>0

where Bx = b_kbk, Ax = |A|7* >y, gk (Bw) = A and C
is a constant. Since H appears in the sequel only in the
exponential exp (—SH) of the thermal average, the con-
stant C' can be discarded. The equation for A (the gap
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equation) was solved numerically and results were shown
in a graphical form in [13].

Our objective is to demonstrate existence of the
Meissner-Ochsenfeld effect in the system described by the
Hamiltonian Hy = H + H’, where H' represents the per-
turbation due to a weak external electromagnetic field de-
scribed by the vector potential A(r,t¢). Thus

S

After neglecting the term quadratic in A, one obtains

—ihV — eA/c)? — (—ihV)?|)(r).

h
H = f;—mC a(K/
kK o

—k,t)- (K +K)ah,ax,  (2.1)

where
a(k’ —k,t) =1/|4] /dgrA(r,t) exp [—i(k’ — k) - 1],

|A| denoting the system’s volume. In terms of new creation
and annihilation operators ay;, ax; (defined as ax1 = ai+,
ax2 = ak—, k3 = A—_k+, Gk4 = a_k_) H’ assumes the
form

g

2me k>0{a(k’ —k,t) - (K + k) (agqa11 + ajoo0x2)

k/>0

a(-k +k,t) - (k' — k)(ajsaxs + ajr4ax4)

+a(—k —k,t) - (=K' +k)(ap3ax1 + ay4ax2)

a(k’ +k,t) - (k' —k)(agaxs + al’il2ak4)},
where {k : k > 0} denotes the set of all 1-fermion mo-
menta restricted to a definite half-space of R®.

The system’s response to the perturbation H' is given
by the thermal expectation value J(r,t) of the current

density J(r,t). Weakness of the external field allows to
restrict the perturbation expansion for J(r, t) to first order

Tre PHJ(r,t)

J(r,t) = Ty o=l
i [ Ty =51 [j(r,t),H'(t')}
- 0 R , (2.2)
where J(r,t) end H'(') are in the Heisenberg picture. The

current density operator is defined as

3(r) = 5 { 0" (1) (~inV — eA/c)(x)
— [(—ihV + eA /v ()] v(x) |
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which in terms of ay_, ax/s takes the form

[i(k' +k k' 4+ k)aj, aw
J(r) = 2m|/1| Z exp [i(k" + k) - r](k' + k)ag, axo

K.k',o
mc|/1| Zak”akg
=J, +J2fZJ q) exp [iq - r], (2.3)

with q = k/ — k. Similarly as H’, j(r) can be expressed
in terms of ay;, ax/, viz.,

J(r)=
eh

2me £ {exp [i(k" — k) -r] - (K" + k) (ag; a1 + axo0102)
k/ >0

+exp [i(—k' + k) - r] - (=K' — k) (agza13 + ay40104)
+exp [i(—k' — k) - 1] - (=K' + k) (agzai1 + ayq4a12)

+exp iK' + k) - x] - (K~ K)(agaws + aipad) |
02
- WA(I") Z(Tlm + ko + Nk + Nika)-
k>0

It follows that in order to evaluate J(r,t) we must find
the form of ay; i ay; in Heisenberg picture. To this end we
must solve the Heisenberg equations (HE) of motion for

ay; i ay;. The HE for ay, is

d i i
ih%“fﬂ(t) =entgf, Hlem#'H. (2.4)
The commutator in equation (2.4) equals
laky, H] = —&ragq — 2APa
where Py1 = axsaxsaks. The HE for Py is
d ; i
ih—- P (t) = en [Py, Hle #tH (2.5)

with the commutator on the r.h.s. equal
[Pkla H] = 3§kpk1 — 2Aaﬂ10k1

and Oy = 1—nxo —Nk3 —Nk4 +Nk2Mk3 + N3 Nk4 + N2 Nk4-
The properties of Oy are:

1. 0}, = On

2. Ox1Pa1 = Pa

3. [agy, Ox1] = [H,Ox1] = [Ag, Ora] = [25,01a] = 0

where 2S5« = Y. > oNake 5, dke = Nko —
a=+1oc==+1

N_x,—o , 0 = . Commutativity of Okl with H and
As, 25 implies existence of common eigenspaces of these
operators. The structure of common eigenspaces of H,
Ay, 2S5 is given in Table 1 in Appendix A. The matrix
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form of O in the basis consisting of vectors specified
in the first column of Table 1 is a diagonal matrix with
four elements equal to unity. The structure of this matrix
shows the spectrum of Ok SpOk1 = {0,1}. The eigen-
subspace N}, corresponding to the eigenvalue 1 is spanned
by the vectors: [1000), |0111), wux|0000) + vy|1111),
uk|1111) — v,|0000), whereas the eigenspace N, corre-
sponding to the eigenvalue 0 is spanned by: [0100), |0010),
|0001), |1100), |1010), |1001), |0110), |0011), |0101),
[1110), |1011), |1101). ux and vk are the same as defined
in Introduction. R

Given the eigenstructure of Ok1, the problem of solving
the HE can be resolved: In order to find af, () we must
solve the following system of two coupled linear differential
equations:

{z‘ﬁ%am —Exaj (t) — 2ABa (t) } 26)
ihd Py (t) = 36, P (t) — 24a5, (t)Oxa . .

Due to the wvanishing of Okl on Nllo and constant
value on N}, as well as the equalities (v;|a},(0)]ve) =
(v1|Pc1(0)|vg) = 0 for v1 € Ny, vo € N, the equa-
tions (2.6) can be considered independently in both sub-
spaces, Viz.,

e on N}, they take the form

{ ihg d 7 01 (t) = —&rag, (1) — 24P (1) } 2.7)
ihd P (t) = 3¢x P (t) — 244, (1) '

e and on N}, they reduce to

{Zﬁdakl(t) gkal*d(t)—ZAPkl(t)}. 28)
ihd Pkl(t) =3§kPk1(t)

The system of equations (2.8) can be solved by substitut-
ing Py from the first equation to the second. The resulting
differential linear equation for ag, (¢) is

L2 i d B )
—5 0k (t) + 28k —a (t) + R (36 +44%)ag, (t) = 0.
dt h>"dt

(2.9)
Under the initial conditions Pg1(0) = akaaxsaks and
ay,(0) = af, one obtains the following solution:

aigy (t) = (wevcPiar + ufag, e 5
+ (viay, — wvi Pl )e” 7B (2.10)
ax1(t) = (uv Py + upayy e w1
+ (Ukak1 — ukUkPld)eﬁtEk2
where Ek1 —&+2Ek, Bxo = &+2Ex, Ex = /& + A2,
up =11+ gk)andvﬁf (172’;)

The second equation (2.8) in N}, can be solved imme-
diately:
Py (t) = e—%t3€kpk1.
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Substitution of this solution into the first equation (2.8)
yields the following equation for aj, (¢):

d T, 1 _i

T () — Teaia (t) = 224 F5% Py (2.1)
The solution of this equation (under the same initial con-
ditions as before) is

ag () = al*deﬁtgk + Epld(eﬁt5 —e nt35k)

(2.12)

A i
ax1 (1) = awpe” 716 + fP* (67 Rt — ght3te),
The remaining operators ay,;(t) and ay;(t) for i = 2,3,4
are given in Appendix B.

The operators ay,(t) and ax;(t) found above, fulfil the
following anticommutation relations:

{aki(t), ax; () 1170 = {arei(t), aw () }1/0

= {aﬂi(t%aﬁ:j(t')}l/ozo, for k;«ék/7
(2.13)

{a’l*(i(t)) aki(t )}1 = ’U/k’Uk(ehtEkleﬁt Exo

+ e*%tEme*gt Ekl) + ukeﬁ(t*t )Era1 + vﬁe*%(t*t’)Em

+uivd| — (e%tEkle%t/Ekz + e—%tEme—%t’Ekl)
+ ettt B 4 o~ F(t—t) B . (2.14)
g (1), axalt)Jo = £ =% (215)

where i,7 = 1,2,3,4. and the subscript 1/0 meaning va-
lidity of the respective relation in both subspaces.

3 The Meissner effect

Our objective now is to evaluate the thermal average with
respect to H of the current density using (2.2). The av-

erages of J1 and J, will be successively found with terms

linear in A being only accounted for. Since J is already
linear in A, it suffices to calculate the following expression:

Jo(t,r) = ——A ZZ ay; (t)ax; (t

k>0 i=1

where
(A := Tr Aexp (—BHy)( Tr exp (—BHy)) "

The average (A)x can be expressed as a sum of averages
over Ny, and Ny, viz.,

JQ(t, I')

_—— A E E akl akl Ni i

k>0 i=1

+ o (Wi () ng, ) (3:1)
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where:
() = TrNﬂlAeXp(—ﬁHk)
Ma '™ Trexp(-BHx)
() = TrNﬂerXp(—ﬁHk)
Mo '™ Trexp(-BHx)

and Tr Ni for & = 0,1 denotes the trace evaluated in

Ni . Details of the calculations are given in Appendix C.
The operator ay,(t)ax;(t') has the following form
on Ny,

* . L(t t )Ekl L(t t )Ek2
ay; ()axi(t'") = nk; [u en + vpeh
n u2v2 (eﬁtEkleht Bir | o tEkge—%t’Ekl)}

ENPY (gt
+ukvk3§[fuieh(t a4 27 () Bre

t/EkQ 2

it g —vge R

+ugen it g

t/Ek1:|
+ urvk Bk { — uy eh(t t') Bia + »UQe—ﬁ(t t') Exe
_ vie%tEkle%t,Ek2 + uief%tEer—%t’Ekl}
— eRtPrieht Bl _ e_%tE“e_%t/Ekl}’ (3.2)

i
whereas on Ny

i / A2
ag; (D) ax; (') = nyet (718 4 —5 P Py;
4€k

% (e%tﬁ —e h3t€k)(e—%t'§ —eh?’t Sk)
A i
— = _Brentéx(e
26 ¢ (
A

_ —Bke htfk @h t&x
28k (

Using the expressions for the averages (nk;) Ni,s (Bx) Ni,s
(Pui P v (ni) vy » (Bi) vy, and (Pi B) ;| evaluated
in Appendix C, one easily finds the following averages

_%tlg _ €ﬁ3t fk)

— e R3E)(3.3)

1
(o), = ko | (0 B B

)
+ 2 exp {ﬁ(t - t')Ekz] Fyo

(3.4)
(), = feesp |10 -6 6
Haga(6), i)} s, = (1 exp [,% (t— ) E}
+ v2 exp { % (t—1t) Ekg])S
(3.6)
R e EA A A A
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where
1 eféx 4 ¢—20Ex
Fkl =3 )
2 3 + 4 cosh B&k + cosh 26 Ey
1 eféx  ¢26Ek
Fk2 =3 )
2 3 + 4 cosh B&k + cosh 26 Ey
fo— 3 1+ e P
X7 23 % 4cosh Bk + cosh 2BEy’
g cosh B&y + cosh 2B Ey
kT 3 ¥ 4cosh B¢k + cosh 23y
and
I — 1 + cosh Béx
K T Y31 4cosh B + cosh 28Ex
Setting ¢/ = t in these averages and substituting them

into (3.1), one obtains

2¢?

J2(t7r) = —m

A(r)) (upFa + viFe + fi). (3.8)
k

Let us now evaluate Jq(¢,r). The contribution of J 1
to the first term in expression (2.2) is clearly zero, as it
represents the current density in equilibrium. Jq(¢,r) is
thus equal

t

Ji(t,r) = —1 lim [ di'e” ([T (et
t>T
0

t), H'(t)]).

(3.9)
The exponential factor and limit have been introduced in
order to eliminate unphysical terms which arise in the ab-
sence of natural suppression of transient currents. These
currents arise at ¢ = 0 and should vanish after sufficiently
long time (exceeding the relaxation time 7). The limiting
procedure in equation (3.9) cancels the unphysical contri-
bution from the lower integration limit. Some details of
the evaluation of the r.h.s of equation (3.9) are shown in
Appendix D, where the Fourier transform J(w,q) is ob-
tained as equation (D.3).

To wverify whether Schafroth’s criterion for the
Meissner effect holds, let us now take the limits: 7 — oo,
w — 0, g — 0 in equation (D.3) in the same order as men-
tioned. Schafroth’s criterion is fulfilled if equation (D.3)
then reduces to

J = —Ka, where K = const > 0.

After passing to the limits 7 — oo, w — 0, @ — 0 and
making use of the obvious equality

iy P50 = SWPG) _ 5, 4
d o dF dS(z)
- LF@)S(@) = Sa) - — Fo) =
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Equation (D.3) takes the form

J(0,0) = -8 (%)QﬁZ[ka]k

OFyx1 0S5k 0S5k
[ (Sk OB ~Haggg 0Ek1 > ok (Fk2 0Fxo
2

0fx udvd
F
08k fk f Ekl + Exo kz)
o Fx1Llx — fiSk o —FioLy + fiSk
+ 2vy
By — & Exo + &

%2 2
mc|A|aZ ui B + v Fia + fio)-

5k 0Fxa >

+ Ly —— Sk (Fi1 —

+2

(3.10)

Replacing summation over momenta in equation (3.10) by

integration with respect to & one obtains

3(0,0) = — h3 7r2 /\/§+—EF WP +v2 Fy+ f) d€
e
2 Jevm (v (st -5 25)
+v4<F§g2 Sg—gZ) a_gifa_g
+UQQEQS(F1—F2)+ 2%
QszL:ng g

This expression can be presented in the following form

e2V2m

with
e2V2m
K(0,0) = =5 —5k(0,0) (3.12)
where
k(0,0) = / VE+ Er (WFy + 0 F + f) d€
—Er
2 [ OF s
Ep)3/2 g g 22
+3 [ €+ En) [ (SéEl 10E1)
—Er
a8 0F\  ,0f 0L
(F20E2 SaEg) o o
S(Fy — F) FL—FS fS—FRL
2.2 2 2
TR Y TE—¢ Ere |

(3.13)
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A full proof that k(0,0) > 0 for any A > 0 is extremely
complex if altogether possible. Verification is, however,
possible for the ground state. To this end let us note that

glin;o F =0, ﬁler;o g—g =0,
Jim By =1, lim g—gz =0,
08 08
[jlingo §=1 ﬁllngo o0E, ﬁhf;o 0F, 0,
. . 0L
ghiEOL =0, ﬁlgr;o 8_5 =0,
and of
fim 7 =0 tim 56 =0

The first integral in equation (3.13) reduces to

(3.14)

/dfx/f—i—EFv _—E3/2

—Ep

as a result of the standard approximation /£ + Erp =
VEFr for £ € [—6,6]. The only nonvanishing term in the
second integral is the one proportional to u?v?, which is
nonzero only on [—4§, 4], viz.,

)
A2 40 d6  /EpA? ¢ 1
/2_@7 _ 3/2
12 (+Er) E3 12 /(HE )E3 olr
-5 -6
(3.15)

Combining these expressions one obtains

k(0,0) = E3/ 2

which according to (3.11) yields the following expression
for the current density at T =0 K:

3 ne?

J(0,0) = 1

(3.16)
where n denotes the average number of fermions in the
system. Equation (3.16) demonstrates the presence of
Meissner-Ochsenfeld effect in the system with Hamilto-
nian H at T = 0.

It is worth noting that equation (3.16) differs from the
corresponding equation resulting from BCS theory by fac-
tor of 3/4, which is due to the weaker character of interac-
tion V4 compared to the BCS one. As a consequence, the
penetration depth A of the magnetic field for H is larger
than Apcg for Hpeg. A similar inequality Agrsc > Aoy
holds between the penetration depths of high temperature
superconductors and classical superconductors [18,19].

The question remains whether Schafroth’s criterion
holds for H at finite temperatures. The answer can be
found by evaluating k(0,0) numerically. This has been
done for gpp = 0.14, v = 0, § = 217.14 x 107% eV,
Er = 10 eV with help of numerical results regarding pa-
rameter A in reference [13]. The resulting plot of k(0,0)
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M R BT R
06 08

t

Fig. 1. The temperature dependence of k(0,0) for gpr = 0.14,
v=0,0=217.14 x 107* eV, Er = 10 V. A; and A, corre-
spond to the nonzero solutions of the gap equation, which are
plotted in [13]. ¢ = 1.12 is the real critical temperature.

O NN
1

—
(e}

versus t = TT; ! (where T; is the temperature at which
the A > 0 solution bifurcates from the A = 0 one )pre-
sented in Figure 1, shows that Schafroth’s criterion is ful-
filled at finite temperatures for the chosen values of gpr
and §. The same result obtains for other values of gpp
and J. Making use of above results one can answer the
question concerning a relation between the penetration
depth A and temperature. As it is known [20] following
expression occurs for the pure London superconductor

MT)?2  n
NOZ ~ ni(D) (3.17)

ns(T)’
where n is the density of all electrons and ng(T) is the
density of superconducting electrons. Equation (3.17) can
be written in terms of functions K(0,0), k£(0,0) and their
values at T' = 0. Therefore, it can be seen that

A(t) o< k(0,0)71/2,

The graph of k(0,0)~/? is presented in Figure 2. t, = 1.12
shown in Figures 1 and 2 is the real critical temperature
in which the system undergoes the first order phase tran-
sition. A behaviour of k(0,0)7'/2 at t. can be interpreted
as follows: when the temperature is increased the external
magnetic field more and more penetrates the supercon-
ductor and at t. rapidly fills it completely. The transition
is not continuous.

4 Conclusions

The presence of a Meissner-Ochsenfeld effect has been
demonstrated by Rickayzen’s method [12] for a supercon-
ductor with a BCS-type 4-fermion quadruple binding po-
tential. The effect proves to be weaker than in BCS by
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Fig. 2. The temperature dependence of k(0, 0)71/2 for gpr =
0.14, 7 = 0, § = 217.14 x 10~% eV, Er = 10 eV. A; and A,
correspond to the nonzero solutions of the gap equation, which
are plotted in [13]. t. = 1.12 is the real critical temperature.

a factor 3/4 at T = 0, implying a greater penetration
depth A of external magnetic field. Moreover, the pene-
tration depth is an increasing function of the tempera-
ture. The value of Agrsc in high temperature supercon-
ductors also exceeds the corresponding value in classical
superconductors. Finally, the question is how coexistence
of BCS and quadruple interactions affects the Meissner
effect. At present it would be very difficult to show it for
finite temperatures. Perhaps it would be possible to do it
for the ground state. As suggested in Introduction such
coexistence could occur where the half flux quanta ap-
pear, e.g. in YBasCu3zOr7_s5. Regarding the question of the
gauge-invariance of the theory the Rickayzen’s method ap-
plied does not guarantee it and further generalizations are
necessary in order to incorporate invariance under gauge
transformations.

This work is part of author’s Ph.D. thesis written under the
supervision of Prof. J. Mackowiak.

Appendix A

Hy acts in the 16-dimensional space of states

(a11)™" (ai2)™ (aic3)™ (03ca)"*|0)

where n; = 0,1, i = 1,2, 3, 4. Eigenstructure of Hy:

It is worth noting that the vector number 15 is the
ground state vector |G )x of the system for momentum k
because the corresponding energy has the minimal value.
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Table 1.
eigenvalue

eigenvector Hy 2S5 Ay A-
1. [1000) [ I 1 0
2. |0100) &k -1 0 1
3. |0010) &x 1 0 -1
4. |ooot) i -1 -1 0
5. |1010) 26k 2 1 -1
6. |0101) 26 -2 -1 1
7. |1001) 26 0 0 0
8. |0110) 28k 0 0 0
9. |1100) 28k 0 1 1
10. |0011) 26k 0 -1 -1
11, |1110) 3¢ 1 1 0
12, |0111) 3¢k -1 -1 0
13, |1101) 36k -1 0 1
14.  ]1011) 3¢k 1 0 -1
15.  uk|0000) + vi|1111)  2&k — 2Fx 0 0 0
16.  uy|1111) — vy|0000) 26k + 2Ex 0 0 0

Appendix B

The remaining operators ay,;(t) and ay;(t) for i = 2,3,4
in Heisenberg picture can be found analogously. E.g. in
the case of OkQ = 1 — N1 — k3 — Nka + Nk1nk3 +
Nk3Nka + Nk1nka the space N2, is spanned by: [0100),
[1011), ux|0000)+vi|1111), uy|1111) — vy |0000) whereas
NZ, by: [1000), |0010), [0001), |1100), [1010), |1001),
10110}, |0011), |0101), |1110), |0111), | 1101). The oper-
ators ay,(t) and ax;(t) for i = 2,3, 4 are found to have the
following form:

e on Nﬁl
aia () = (—uxvicPies + ufajgy)eh
+ (vEafy + UV Pyo e~ 7 k2
ax2(t) = (—uve Py + ubays)e” #Ea
+ (v aks + uvic By et Pk
e on N&O

ialt) = et = g Pa(erth = 7

k
_%tﬁ 7AP* (@ ntfk,enﬁﬁk)

26~

with Pyxo = akiaksaxa. Similarly aj4(¢) and axs(t) on the
spaces N, (spanned by [1000), [0100), |0001), |1100),
11010), |1001), |0110), [0011), [0101), [1110), [0111),
|1011)) and N2, (spanned by [0010), |1101), ux|0000) +
vk|1111), ux|1111) — v|0000)) take the form

e on N2,

ak2 (t) = ak2€

g3 (t) = (uvi Ps + “kak3)@htEkl
+ (Uﬁak3 — ukvk Px3)e —htBie
ax3 (t) (ukkak3 —+ ukak3)e 7Bk

tE
+ (v2aws — uuic By )e e
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e On leo
N Py | ite - it3g
ags(t) = ajge™  + Pys(e™ e~ RNk
28k
ak3(t) = ak3e_ﬁt€k + % Pﬁg(e—ﬁtﬁ _ eﬁt?)&k)
Kk

with Pxs = akiax2aia and aj4(t) and axa(t) on the spaces
Ny (spanned by [1000), [0100), |0010), |1100), |1010),
11001), |0110), [0011), [0101), |1101), |0111), |1011))
and Ny, (spanned by |0001), [1110), ux|0000)+vy| 1111),
uk|1111) — vy 0000)) take the form

e on N},
ajp,(t) = (—ukv Pea + Uiah)e%mkl
+ (1)12(0,1*(4 + uvk Pxa)e — 7Bk
axa(t) = (—uv Py + ubayy)e” 710
+ (U12<ak4 + UkUkP;4)e%tEk2
e on N},

ap,(t) = al*(4eﬁt§k _ fpk4(egt§k _ e*gtsgk)

k

axa(t) = axqe 78 — —p* (e H 16 _ oht36)

26~

with P4 = axi1ax20k3.

Appendix C

The averages occurring in equation (3.1) express in terms
of (i) Ny (Bi)ni,» (P B g, (i) > (Bic) vy, and
(PxiPi;) g, - For i = 1 the averages over N}, obtains from
the following expectation values:

(0001 |nye1|1000) = 1,

(1110[nk:1]0111) = 0,

(Ui (1111 | 4+ ui (0000 ) mgeq (v 1111) + 1| 0000)) = v,
(=01 (0000 |+ ug (1111 )14 (—vic| 0000) + | 1111)) = ui,
(0001 |By1[1000) = 0,

(1110|By;|0111) = 0,

(U (1111 + uk(0000|) Bk1 (vk|1111) 4+ uk|0000)) = ux v,

(—v (0000 | + uk(1111])
X Bkl(*vk|0000> + uk|1111>) = —UkVk,
(0001|Py1 Py;1000) = 1,
(1110| Py P 0111) = 0,

(Ui (1111 | +ui (0000 ) Picy Py (vie| 1111) +13) 0000)) = ui,
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(—Uk<0000| + uk<1111 |)
x Pi1 Py (—vi|0000) + g 1111)) = v,
whereas those over Nllo express in terms of:

(0010|n41|0100) = (0100 |ny1|0010

1000 |31 |0001
(0011 |41 |1100)

0101 |n3e1| 1010

(0110|nk1]0110)

1010 |nk:]0101
1101 |ne1 | 1011

)

) =

)

1001 31| 1001)

)

)

(0111 |y 1110) )
) =

(
(
(
(1100 |rier | 0011
(
(
(

1011 |ny| 1101

(0010 |Bie1]0100) = (0100|Byq|0010
0011 |By| 1100

( ) = (1000| By | 0001
( )=
(1001 | By | 1001)
( )
( )=
= )

( )
(0101|Bi1|1010)
(0110|Bi1|0110)
(1010|Bi1|0101)
(1 )
0

1100|Bi1]0011
0111|Bi1|1110
1011 |By1]1101

101 | B[ 1011

i

(0010| Py P5,10100) = (0100| Py Py, 0010
1000 | Py P, 0001
0011| Py P, 1100
0101| P P, 1010
1001 | Py Py, 1001

)
)
)
)
)
0110 | Py P,10110)
)
)
)
)
)

1100 | Piy B, 0011
1010 | Py B, 0101
0111 | Py B[ 1110
1101 | P P, | 1011
= (1011| P Py, | 1101

(
(
(
(
(
(
(
(
(
(

Using these results, one obtains

<”k1>N;1 =
e~ B 4 ,UIQ(e—Qﬁ(Ek—Ek) T uie—Qﬁ(Ek-i-Ek)
de— Bk L 6288k + 438k + e—28(ExEx) 4 o—28(&ktEk)’

(B)ny, = (B, =
Ukvk€72ﬁ(£k7Ek) — ukfuke*Qﬁ(&kJrEk)
de— P 4 6206k 1 4e—3BEk 4 o—2B(ExFx) 4 ¢ —20(bictEix) ’

(PklPk1>N1i1 =
e Pl o uie*Qﬁ(ﬁk*Ek) + vae*Qﬁ(EkJrEk)
e~ Bk 4+ G288k + 4e—3Bk + ¢—2B(6x—Ex) 4 ¢—28(ExtEk)’

(nk1) g, =
3¢~ 208k 1 3¢ 3P
e~ Bk 4+ G288k + 4e—3B8k + ¢ —2B(6x—Ex) 4 ¢—28(ExtEk)’

(Bi)ny, = (Bi)ny, =0,
(P By vy, = 0.

The averages () y; , ()i, fori = 2,3,4 can be found anal-
ogously.

Appendix D

The r.h.s of equation (3.9) can be evaluated using the
identity

[aks (t)ax 5 (t), ajer; () ani ()] =
age; () i () { ager; (1), ane (8) }
— ager; () ax () {ags (£), ani (1)},

which follows from the relationships (2.14) for k # k’. The
fourfold sum over momenta which arises in equation (3.9)
reduces to a double sum. Equation (3.9) then takes the
form

See equation (D.1) next page.

The contribution to this sum over k’ = k can be neglected,
as it reduces to a double integral over a set of zero measure.
Each product of averages in the r.h.s. of equation (D.1)
is next replaced by a sum of products of averages over
appropriate subspaces. Furthermore, making use of the
averages (3.4)—(3.7), and Fourier transformation a(k’ —

t) = [dwe *“'a(k’ — k,w) and performing integration
over t’, one obtains

See equation (D.2) next page.

We replaced the sum 3 by unrestricted sum ), and

k>0 kk’
k/>0

neglected terms proportional to e~*/7 (¢ > 7). Let us now



194 The European Physical Journal B

5 (t,r):%(%) c|1/1| Jimy, ;0 /dt' ~(e- WT{[ 9T (4 k) a (K~ k)| (K +K)
X (<ak1 ax1(t <{ak/1 )s axr (t }>k/ - <ak/1 Jar (t >k, <{ak1 akl(t/)}>k

Haia(Dae () ({2 (1), aw2 (0)}),, = (a2 (t)aw (1)), ({aie(t), a(@)}),)
+ [ei(*k'“‘)'” (K — k) -a(-K +k, t)] (—K — k)

x ((aks () ara(t), ({aies(t), aws(t)} )y, — (ais(t)aws (1)), ({ais(t), ara(t)}),
Haia®ara () ({aiea (), awa(®) }) = (aiea)awa(t)), ({aka(®) axa(t)}),)
+ [ei(*k’*k)‘r (K +Kk)-a(-K —k, t)] (K +k)

x ((aia (Daa (t), ({aies(t), aws(t)} )y, — (ais(t)aws (1)), ({aia (1), @a(t)}),
+{die(Baet), ({aia), awa®)} ), = (aia(t)awa(t))y, ({aia(t), ae(t)}),)
+ [0 (1 - k) a (K + K t)] (K — k)

x ((aia(Dara(t')), ({aien (1), @ (D)}) = (aior () arn (8),, ({ais (), ans (1) }),

+ (ae (Dara ('), ({aiwa(t'), awa(t) }),, — (aia(t)aws(t)),, ({axz(t) ak2(t,)}>k}- (D.1)

eh 1 . 'L(klfk)m/‘ —iwt / . o /
Ji(t,r) = 2(2m) Tl Tlerologe dwe™ ™" [(K' + k) -a(k’ — k,w)] (k' +k)

y |:u2u21 Fy1 S — Fir1Sk 422 Fio S — Fi2Sk
K T 1 hw — (Bt — Er) | <N i/ 1 ho + (Bws — Era)
Sl — fi Lx + 2ol Fi1 Sw

ih/T + hw — (& — &x) ih/T + hw + (Bxa + Ewrz)

FkQSk’ + ug Flek’
ih/T + hw — (Bx2 + Exs1) “ih/T + ho + (Bia — &)

2 2
+ Vk Uy’

Fk lsk u2 2/ Fk QSk
ih)T+ hw — (Bt + Bia) < ih/7 + hw + (B + Bt

2
— Uy’ Uk

2 FkQLk’ + uz kakf

+ )T+ o — (Bra + &)+ i) + hw + (€x — Er)

Ji Sk 2 Foi Lk

2
+vd - — s
UK TR T + hw — (€ + Bra) < i) + hw + (Ex — By

2 Foa L 2 Sir Sk V2 Sier Sk
k ih/T+hw+(§k+Ek/2) kih/r—l—ﬁw—l—(Ekl—{kf) Zh/T+ﬁw—(Ek2+§k)
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J(w,q) = -2 eh)' 1 lim " [(q + 2k) - a(q,w)] (q + 2k)
W ==2{5, ) a7 w2l q,w)] (q
% {uQ w2 Fi1Sxrq — Firq1Sk 402 FioSktq — Fiyq2Sk
KUt a i he — (Besq — Br) | KV iera ih)T 4 hw + (Bxiq2 — Fi2)
Fyx1Sx+q Fi2Sk1q
+ uivg + vicui
Kktay th/T + hw + (Ex1 + Fxiq2) K Tktay th/T + hw — (Fx2 + Fxyq1)
22 Fiyq15« Fic 25k
ktq Tk ﬁ/T + hw — (Ek+q1 + Ekg) k k+q Zﬁ/T + hw + (Ek+q2 =+ Ekl)
Selwia = ficrale o FiaLiiq
/7 +hw — (Gera — &) Cih/T+ hw + (B — Eictq)
4 o2 Fiolyyiq +u JxSktq
ih/7 + hw — (Bis + &icra) “*“zh/T + hw + (§ — Bicyar)
4+ kak+q Fk+q1Lk
Uera ih/7+hw = (& + Bicraz) kra ih/7 + hw + (& — Eicrar)
FiiqoLx ol Jrt+aSk
Victa th)T + hw + (€ + Extq2) Yih/T + hw + (Bra — Eirq)
w2 Jrta5k 2¢” 2 2
- — F F . D.
Zh/T+hw—(Ek2+£k+q):| mca(qyw);(uk k1 +vk k2+fk) ( 3)
introduce the Fourier transform J(q,w) of the current den-  10. J. Maékowiak, P. Tarasewicz, Mol. Phys. Rep. 20, 145
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